We derive equations for the source terms appearing in structure function equations for the fourth and sixth order under the assumption of homogeneity and isotropy. The source terms can be divided into two classes, namely those stemming from the viscous term and those from the pressure term in the structure function equations. Both kinds are unclosed.
I. INTRODUCTION
Since Kolmogorov derived asymptotic results for the second order structure function ∆u 2 in the dissipation range and for the third order structure function ∆u 3 in the inertial range in 1941 from the Navier-Stokes equations under the assumption of homogeneity, incompressibility and isotropy, a vast amount of work was carried out on the subject. One of the reasons is that the scale of with the viscosity ν and the mean dissipation ε in these results was thought to be universal for all kind of flows. Soon, it has been found that higher orders do not follow the scaling predicted by Kolmogorov and the deviations from it become stronger for higher orders. Hill [1] and Yakhot [2] independently derived higher order struture function equations. However, the source terms are unclosed. For more insight, we derive equations for the source terms. Applications will be presented in papers to be submitted and the present article is meant as a basis for these.
II. FOURTH ORDER STRUCTURE FUNCTION EQUATIONS
We start be deriving the equations for higher order structure functions, the derivation of which has already been carried out by Hill [3, 4] . The reason for re-deriving them here is twofold. Firstly, the present article serves as basis for papers to appear in the refereed journals and for that purpose it is reasonable to have all equations in one document. Secondly, additional steps used in the derivation of the structure function equations are required for the derivation of their source term equations.
Only the steady state form of the averaged equations will be considered. The two points are denoted by x = (x 1 , x 2 , x 3 ) and
. Assuming incompressible flow, the momentum equations in the Navier-Stokes equations are written at the two points
Here u i and u ′ i are the components of the velocity, p is the pressure and ν the kinematic viscosity. Einstein's summation convention for indices appearing twice is used. The density was set equal to unity. These equations are completed by the continuity equation which holds at both points,
Substracting eq. (2) from eq. (1) one obtains for the velocity increment ∆u i defined by
Here the difference of the pressure gradient at the two points is defined as ∆P i and the pressure is given by the Poisson equation
From this an equation for the pressure gradient ∂p/∂x k may be derived by diferentiation
which defines the operator R k . The equation for ∆P k , multiplied by the viscosity, then becomes
Equation (5) is then multiplied by ∆u j and the corresponding equation for ∆u j is multiplied by ∆u i to obtain
Adding eq. (9) and eq. (10) one obtains an equation for ∆u i ∆u j ,
where we used
This also defines the instantaneous values of the dissipation ε ij at x and ε ′ ij at x ′ . Equation (11) is an equation for velocity differences at two points. However, the derivatives do not reflect this and are still carried out with respect to x and x ′ . Changing the independent variables from x and x ′ to the new independent variables
and using the transformation rules
one obtains for the transport term in eq. (11)
where the derivatives ∂/∂X n were neglected, as they vanish after averaging due to the assumption of homogeneity. Likewise the Laplacian in eq. (11)) becomes
We now average eq. (11). Defining the second order longitudinal structure functions as
and the transverse structure function as
and by setting i = 1, j = 1 and i = 2, j = 2, respectively, in eq. (11) one obtains the transport equations for S 2,0 and S 0,2 . We can further simplify these equations under the assumption of isotropy. Specifically, we can find the isotropic form of both the gradient and the Laplacian, so that they depend on the separation distance r only, instead of the separation vector r n . For the steady state case after transforming the transport term and the Laplacian into their isotropic form (cf. Robertson [5] ), we have
These are the second order structure function equations given by Hill [4] . In [4] it is also noted that due to isotropy
Continuity provides an additional relation between S 2,0 and S 0,2 r 2
as well as between S 3,0 and S 1,2 r ∂S 3,0 ∂r
Using these two equations in eq. (19), this leads then to the well-known Kolmogorov equation [6] ,
Kolmogorov [6] had derived two asymptotic solutions of this equation, namely S 2,0 = ε r 2 /(15ν) for r → 0 and S 3,0 = 4/5 ε r in the inertial range. The latter is known as the four-fifth law. Next we consider equations for structure functions and equations for source terms at the fourth order. The procedure is the same as above, i.e. we multiply the equation for ∆u i (eq. (5)) by ∆u j ∆u k ∆u l and add up all four combinations resulting in an equation for ∆u i ∆u j ∆u k ∆u l . In the next step, the coordinate transform outlined above is used and the gradient and Laplacian are re-written in their isotropic form. This is presented in Appendix A below in some detail. Hill [1] gave the necessary coefficients up to the seventh order and presented a matrix algorithm which can be used to derive the isotropic form for all orders. Note that the coefficients in the Laplacian of the higher order structure function equations given by Hill [4] and consequently the matrix algorithm were corrected in http://arxiv.org/abs/physics/0102055. In their isotropic form the equations then read
Note that we have three coupled equations for the three unknowns S 5,0 , S 3,2 and S 1,4 . Noticeably, this is the case for all even orders, but not the odd orders. The instantaneous values of the source terms are given by
Different to the second order equations, there are now pressure source terms T i,j ∼ ∆u i+j−1 ∆P acting on the system of equations. They appear at all orders higher than the second, where they had dropped out due to isotropy (cf. Hill [4] ). Additionally, there are the dissipation source terms E i,j . Note that again the second order is special, inasmuch as the averaged dissipation source terms equal the one-point quantities ε i,j . For higher orders, this is not the case, i.e. E i,j is now clearly r-dependent. Consequently, it is not possible to find asymptotic solutions in the spirit of Kolmogorov without closure assumptions.
Therefore, it is worthwhile to study the higher order source terms in more detail, as anomalous scaling of the structure functions most likely originates from the source terms. For that reason, we proceed to derive the equations for all six source terms in the following.
III. FOURTH ORDER PRESSURE SOURCE TERMS
Equations for the pressure source terms of the fourth order structure function equations, which have the generic forms u i u j u k ∆P l , will be derived next. For that purpose we first derive an equation for the unaveraged product of three velocity increments by extending the procedure which led to eq. (11) to the product of three velocity increments. The result is
We multiply this equation by ∆P l and convert the transport term as
where the second term is interpreted as a source term and is shifted to the right hand side of the equation. Adding eq. (7) multiplied by ∆u i ∆u j ∆u k the equation then reads
The unsteady term has been retained and was shifted to the right hand side of this equation because it does not vanish in the steady state case after averaging. The transport terms and the diffusion terms in this equation are transformed into their isotropic form. For the transport term, we can not simply use the coefficients given by Hill, due to different symmetries of the tensor ∆u k T i,j compared to S i,j . This derivation is somewhat laborious and reported in Appendix B. Consequently, there are more scalar functions needed to determine the transport term. Specifically, two additional terms ∆u 2 T 3,1 and ∆u 2 T 3,1 appear. These are defined as ∆u 2 T 3,1 = ∆u 2 3∆u 
IV. FOURTH ORDER DISSIPATION SOURCE TERMS
The dissipation source terms in eq. (29), eq. (31) and eq. (33) have the generic forms ∆u i ∆u j (ε kl +ε ′ kl ). In order to derive the equations for these terms we first derive an equation for (ε kl + ε ′ kl ). An equation for the instantaneous value of the product of velocity derivatives is derived by first taking the derivative of the momentum equation written for u k with respect to x m and combining it with the corresponding equation for the derivative ∂u l /∂x m ∂ ∂t
resulting in
where we defined
Noticeably, 2νχ ij can be interpreted as the dissipation of ε ij . Using the definitions of ε ij and ε ′ ij in eq. (11) we obtain
which also defines the quantities A kl + A ′ kl and P kl + P ′ kl . Combining this with the equation (11) one obtains
The term (ε ij + ε [5] . They are 
V. SIXTH ORDER
We also present the equations for the sixth order. The reason for doing this is that the source term of the dissipative source term of the sixth order contains the triple product ε ij εklε mn , i.e. we find the third moment of the dissipation in the system of equations. In fact, all moments of the dissipation are found in the system of equations, when one continues to derive the source terms at higher orders.
At the sixth order the structure function read according to Hill (http://arxiv.org/abs/physics/01020 
We will only consider the dissipation source terms because those will generate the third moment of the dissipation distribution at the end. In order to derive equations for these source terms we first derive an generic equation for the fourth product of instantaneous velocity increments to be called
Combining eq. (A.12) for ∆u i ∆u j with its form for ∆u k ∆u l one obtains
This will be combined with eq. (46) to obtain for the combination of terms in eq. (61), eq. (63), eq. (65) and eq. (67) for the generic form
the equation
From this form one could derive equations for E 6,0 , E 4,2 , E 2,4 and E 0,6 . We will not write those equations down but want to consider a generic equation for the last term on the right hand side of eq. (71) to be called
For this purpose we first derive an equation for
Combining this equation with eq. (11) one obtains after averaging for ∆u i ∆u j ε 2 = 3 which generate parameter ε 3 11 for large r.
VI. DISCUSSION
The procedure of deriving equations which parameters proportional to ε n is based on identifying source terms where derivatives square are multiplied by ∆u i ∆u j . A first example is the fourth order dissipation source term E 4,0 = 6∆u 
